Mathematica 11.3 Integration Test Results

Test results for the 42 problemsin "1.2.2.7 P(x) (d+e x"2)*q (a+b
x"2+c x"4) p.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.

dx

(A+Bx?) (d+ex2)3
e
Optimal (type 4, 453 leaves, 15 steps):
e(21Bcd*+21Acde-5aBe?) xVa+rcx® e (3Bd+Ae)x*Va+cxt

+ +
21 c? 5c¢
Be3 x5+/a+cx? <SBcd3+15Acd2e—9aBde2—3aAe3) x+va+cxt
N _
7c 5 ¢3/2 (\/a +/ ¢ XZ)
1
——— aY (5Bcd®+15Acd?e-9aBde’-3aAe’)
5c’/4+a+cx*

C1/4 X 1

4
(\EJr\/c xz) _arex EllipticE[2ArcTan| ], =]+
(\/a_+\/?X2>2 at/t =2

(105Ac2d3+25aZBe3—105acde (Bd+Ae) ~63a%2+/c e? (38d+Ae) +

105 /a c3/2d? (Bd+3Ae)) (\/?+\/?x2) \l (V:H—\cﬁXA)Z
a +vVc x?

a1/4 2

1/4
Ellip’cicF[ZAr‘cTan[c X], 1}]/ (210a1/4c9/4xla+cx4

Result (type 4, 323 leaves):
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Problem 2: Result unnecessarily involves imaginary or complex numbers.

dx

(A+Bx?) (d+ex2)2
R
Optimal (type 4, 367 leaves, 12 steps):

e (ZBd+Ae> xVa+cxt N Be2x3a+cxt

+

3c 5c
(5Bcd2+10Acde—3aBe2)xx/a+cx4 1
- at/* (5Bcd’+10Acde-3aBe?)
5c3/2 (\/;Jr\/?xz) 5c4a+cxt
4 1/4
(\/?+V?x2) ﬁ EllipticE[ZAr‘cTan[C 1/4X], 1} +
Va ++e x? a 2

(15Ac3/2d2—9a3/2Be2—5a\/?e (2Bd+Ae) +15+/a cd (Bd+2Ae)) (\/?+\EX2)

4 1/4
(\/_a:c/i)z EllipticF[ZAr‘cTan[C 1/4)(], %} /(30;,11/4 74 \Ja+cx
a +Vc x? a

Result (type 4, 260 leaves):
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ive Ve ex (1OBd+5Ae+3Bex2> (a+cx4) -
Va

c x4 i/
EllipticE[i ArcSinh| ive

: Va

(-15iAc¥2d?+9a72Be?+5iac e (2Bd+Ae) -15+a cd (Bd+2Ae)]

x|, -1] / 15 jg 32 \Ja+cxt

3\/?(—SBcd2—10Acde+3aBe2) 1+ x|, -1] +

c x4 ive

EllipticF[i ArcSinh|

2 V2

1+

Problem 3: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx2) (d+ex?)

dx
Vva+cx?t
Optimal (type 4, 277 leaves, 8 steps):
Bexva+cx* (Bd+Ae)xva+cx?t 1
N _
3¢ \/?(\/a_+\/?xz) c34Jarcxt
4 1/4
al/4 (Bd+Ae) (\/?Jr\/?xz) Lz EllipticE[ZAr‘cTan[C - 4X}, 1} +
(\E+\Ex2) a/ 2
- al/4 [3\/C_(Bd+Ae>+73ACd_aBe
64 arcxt Ve
4 1/4
(\/;Jr\/?xz) _oarex EllipticF[ZAr‘cTan[C X], l}
(\/a_+\/?x2)2 at/t 2
Result (type 4, 202 leaves):
. 4 .
B ive ex(a+cx4)+3\/?\/?(8d+Ae> 1+CX EllipticE[JlAr‘cSinh[ ive x],—1]+
Ve 2 Ve

4 .
i(—BAcd+aBe+31’1\/?\/?(Bd+Ae)) 1. % EllipticF|i ArcSinh| ive x},—l}/

. Va
3 /j\/\/?c_ ca+cx?
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Problem 4: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
J; dx
Vva+cxt
Optimal (type 4, 226 leaves, 3 steps):
Bx+Va+cx*
Ve (\/?+\Ex2)
al/4B (\/?+\/?x2) et EllipticE[ZAr‘cTan[—cl’M,X], ]
(\/?Jr\/cixz) al/4 2 1
N
34 Jaroxt 2c34a+cx?
A 4 1/4 1
al’% [B+ \/?] (\EJr\/?xz) Lz EllipticF[ZAr‘cTan[c 1/4)(], =]
a (\/a—+\/?xz> a 2

Result (type 4, 131leaves):

1.2 s BEllipticE[i ArcSinh| L x|, -1] -
a Va
i+vc i+c
B+1A EllipticF|i ArcSinh x|, -1 +cox?
(\/a \/c) pticF[i Arc [ - ] ] /[ - e Ja+c

Problem 5: Result unnecessarily involves imaginary or complex numbers.

A +Bx2
J dx
(d+ex2) Vva+cxt

Optimal (type 4, 369 leaves, 3 steps):
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(Bd-Ae) Ar‘cTan{@}

B d e i/ arcx*
2+/d Ve Vcd?+ae?
4 1/4
(\/?B—A\/?) (\/?+\/?x2) _oarex EllipticF[ZAr‘cTan[c X], l] /
(\/?+\/c_x2)2 at/* 2

+

(Zal“‘cl/4 (\/?d—\/?e) \Ja+cx?

2 4
a3/4[\/?d+e (Bd-Ae) (\/?+\/?x2) _arex 5
Va (\/a_+\/?x2)
Ve d-+a e 2 1/4
EllipticPi|- ( ) s 2Ar‘cTan[C X}, 1] /[4c1/4de (cd®-ae?) x/a+cx4)
4-/a \Jc de al’4 2

Result (type 4, 138 leaves):

c x*
-1 1+ BdEllipticF|i ArcSinh| (-Bd+Ae)
a \/
a iV C
ivae ,1Ar‘c51nh ive de+/a+cx?
Ve d Va

Problem 6: Result unnecessarily involves imaginary or complex numbers.

EllipticPi|[-

A+BXx?
J dx
(d+ex2)2\/a+cx4

Optimal (type 4, 641 leaves, 6 steps):
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\/?<Bd—Ae)xx/a+cx4 ) e(Bd—Ae)X\/a+cx4
2d (cd?+ae?) (\E+\/?X2> 2d (cd*+ae?) (d+ex?)

(Bcd3—3Acd2e—aBde2—aAe3) Ar‘cTan[@]
Va e arext

4d¥2/e (cd?+ae?)??

4 1/4
al/*ct* (Bd-Ae) (Va +Vc ) | ———— EllipticE[2ArcTan[ —], S /
(Va « e %)’ avt o2
(Zd (cd2+ae2) Aarex*t |+
Acl/4 (\/;+¢?X2) ——aex EllipticF[ZAr‘cTan[Cm,x], ]
(\/374,\/(;7)(2) al/4 2

2at/4d (ﬁd—ﬁe) Vva+cx?

(\/?dJr\Ee) (Bcd3—3Acd2e—aBde2—aAe3) (x/;+\ﬁx2)

a+cx? o (Wd—\/?e)z cl/4
———————— EllipticPi[- , 2ArcTan|

1
Ve e )’ oo e de e b/

(Sal“‘cl/“dze (\/?d—\/?e) (cd®+ae?) W

Result (type 4, 297 leaves):

1 de(—Bd+Ae>x<a+cx4)
2dVarcxd | [cdrae?) (drex)
i |1+ Jiva Ve de (Bd-Ae) EllipticE[i ArcSinh| ive x|, -1] +
a Va
_ N ive
e d (\/?d—]l\/;e) (Bd-Ae) EllipticF|i ArcSinh| x|, -1] +
a

<7Bcd3+3Acd2e+aBde2+aAe3)

iva e ivc i+Vc
EllipticPi[- ———, i ArcSinh x|, -1 cd’e+aed
P o v @J/{ | |
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Problem 7: Result unnecessarily involves imaginary or complex numbers.

A + B X2
J dx
(d+ex2)3\/a+cx4
Optimal (type 4, 875leaves, 7 steps):
\/?(5Bcd3—9Acd2e—aBde2—3aAe3)X\/a+cx4
8 d? (cd2+ae2)2(\/?+ﬁx2)

e (Bd—Ae) xVa+cxt e (5Bcd3—9Acd2e—aBde2—3aAe3> xVa+cxt

4d<cd2+ae2) (d+ex2)2 8 d? (cd2+ae2)2(d+ex2)

+

(3Ae (5c2d4+2acd2e2+a2e4) -B (3c2d5—10acd3e2—a2de4))

Ved?+ae? x s/2
ArcTan | ] /(16d5/2\/?(cd2+ae2) )—
Jd Ve Varcxt
a+cx?
al/4 ct/4 (SBcd3—9Acd2e—aBde2—3aAe3) (\/?+\/?x2) e
(\/?+\/?x2>2
1/4
EllipticE[ZAr‘cTan[c1/4X], 1} /(Sd2 (cd2+ae2)2xla+cx4 +
a 2

c1/4(4Acdz+\/?\/?d(BdAe)+ae(Bd+3Ae))<\/?+\/c_Xz)\|(a+CX4)
Va ++/c x? 2

c1/4 % 1

E1lipticF[2ArcTan[—=], —] /(831/4(12 (Wdfﬁe) (cd?®+ae?)Jarcx?
a 2

(\/?d+\/a_e) (3Ae (5c2d4+2acd2e2+a2e4) -B <3c2d5—10acd3e2—a2de4))

(\EJr\/?xz) _avext EllipticPi[— (\/?d_\/;e) , 2Ar‘cTan[C1/4X}: 1] /
(\/?+\Ex2)2 4+/a \/c de al/t 2

[32a1/4c1/4d3e (\Ed—\/?e) (cd2+ae2)2xla+cx4)

Result (type 4, 453 leaves):
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1 1

8d3e<cd2+ae2)2\/a+cx4 (d+ex2)2

dezx(a+cx4) (Zd (Bd—Ae) (cd2+ae2) + (SBcd3—9Acd2e—aBde2—3aAe3) (d+ex2)) -

4
1 i 1+CX —Ji\/?\/c_de(—5Bcd3+9Acd2e+aBde2+3aAe3)
ive @

“a

E1lipticE[i ArcSinh | ive x], 1] +Vc d (Ve d-iVa e]

Va
(Ae(—7cd2+2jm/?\/c_de—3ae2>+Bd(3cd2—211\/?\/?de—ae2))
EllipticF [i ArcSinh| ive x|, -1] +

Va

<3Ae (5c2d4+2acd2e2+a2e4) +B (—3c2d5+10acd3e2+a2de4))

iva e
EllipticPi|[- L, i ArcSinh|

Ve d Va

Problem 8: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+Bx2) (d+ex2)3

(aJrcx“)S/2

Optimal (type 4, 912 leaves, 12 steps):
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1

2aciva+cx?

x (Acd (cd®-3ae?*) -aBe (3cd*-ae’) +c (Bcd’+3Acd’e-3aBde’-aAe’) x?) +

Be3x+Va+cxt e2(3Bd+Ae)X\/a+cx4
+

3¢? c3/2 (\/?+\/?x2)
(Bcd3+3Acd2e—3aBde2—aAe3)X\/m 1
2ac3/? (\/?+\/?x2) c”/*+a+cx?t
4 1/4
alée? (3Bd+Ae) (\5+¢?X2) A EllipticE[2ArcTan[ 1], l] +
(Va + Ve %) a2
4
(Bcd®+3Acd’e-3aBde’-aAé’) (\/?+\/?X2) A
(Va « e x)?
cl/4 y 1 1
EllipticE[2 ArcT = /(2 3/4 c7/4 fl-——————
ipcice[2arctan[~25], 0/ (270t Yarext 6casoxt
4 1/4
22tBe (Va +i/c x| X Eiliptick[2ArcTan| 2, s —F
(\/?+\/?x2)2 al/4 2 2c’*\a+cx*
4 1/4
al/4e? (3Bd+Ae) (\/?J,\/?xz) _arex Ellip‘u:icF[ZAr‘cTan[c 1, l] +
NSk ST

e (3Bcd’+3Acde-aBe?) (\/?+\Ex2) __avext
[ el

1/4
EllipticF[ZAr‘cTan[C X],l} /(2a”“c9/4«/a+cx4 +

a1/4 2

(Ac2d3+azBe3—3acde (Bd+Ae) +a¥2+/c e? (3Bd+Ae) ~+Ja ¢¥2¢2 (Bd+3Ae))

4 1/4
(\/?Jr\/?xz) \l % Ellip‘cicF[ZAr‘cTan[c 1/4)(], l} /(4a5/4c9/4xla+cx4
\/?+\Ex2> a 2

Result (type 4, 351 leaves):
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! ive X (3Ac (-ae*(3d+ex?) +cd® (d+3ex?)) +
6a [ Hle evaren |1
a

B(5a2e3+3c2d3x2+ace(—9d2—9dex2+2e2x4)))+3\/;\5

cx*
1+

Problem 9: Result unnecessarily involves imaginary or complex numbers.

dx

j(A+Bx2) (d+ex2)2

(aJrcx“)”2

Optimal (type 4, 694 leaves, 10 steps):
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X(AcdzfzaBde—aAe2+(Bcd2+2Acde—aBe2) xz)

+

2acva+cx?
Be2x+a+cx? (Bcd2+2Acde—aBe2)X\/a+cx4 1
c3/? (\E+\/?x2) 2ac3? (\/?Jr\/?xz) c’/4~a+cxt
4 1/4
al/4Be? (\/?+\/?x2) _arex EllipticE{ZAr‘cTan[c x], 1] +
(\/?+Vc_x2)2 al/4 2
a+cxt L c4x; 1
(Bcd2+2Acde—aBe2) (\/?Jr\/?xz) —( )2 ElllptlcE[ZAr‘cTan[ 1a ], *} /
Ja eiE R ate 2
1
2a¥4 7\ Jarext |+ ——m——
( 2c¢’/4+a+cxt
4 1/4
al’/4Be? (\E+\Ex2) arex Ellip‘cicF[ZAr‘cTan[c X], 1] +
(\/?+\/C—X2)2 a1/4 2
4 1/4
e (2Bd+Ae) (\E+\Ex2> _arex EllipticF[ZAr‘cTan[C X , 1] /
(\/?Jr\/?xz)z a1/4 2
Acd*-2aBde-aAe?
(2a1/4c5/4x/a+cx4 - (Bcd2+2Acde—aBe2—\/?( : \/i e-ahel) (\/?+\/?X2)
a

4 1/4
\I"’*CX EllipticF[ZAr‘CTan[c 4X], %} /(4a3/4 c*Ja+cxt

(\EJr\EXZ)Z al/

Result (type 4, 282 leaves):

jﬁ Ve x(-ahAe?+Bcd?’x?-aBe (2d+ex?) +Acd (d+2ex?)) +
a
a .
Va (-Bcd’-2Acde+3aBe?) 1+ <" EllipticE[i ArcSinh| ive x|, -1] -
a \/?
4
(iAc¥2d?+3a"2Be?+ia/c e (2Bd+Ae) -Va cd (Bd+2Ae)| 1%
a

1+vc
2a c*?+Ja+cx?

Va

EllipticF[i ArcSinh|
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Problem 10: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx2) (d+ex?) ix

(a+cx4)3/2

Optimal (type 4, 395 leaves, 7 steps):
x (Acd-aBe+c (Bd+Ae)x?) (Bd+Ae)xVa+cx?
- +

2acva+cx? Za\/?(\ng\/?xz)
4 1/4
(Bd+Ae) (\/?+\/?x2) _arex EllipticE[ZAr‘cTan[c X}, 1} /
(Va «Ve x2)? avt 2
Be (\E+\Ex2) L“Z EllipticF[ZAr‘cTan[%], ﬂ

(\/?n/?xz)
+
2a1/4c5/44/a+cx4

(2 a3/4 C3/4 /a iC X4

a+cx?

(AcdfaBefﬁ\E(Bd+Ae)>(\EJr\/?xz) S e —
(\/?MEXZ)Z

1/4
Ellip‘cicF[ZAr‘cTan[C X], l} /(4a5/“c5/4x/a+cx4

a1/4 2

Result (type 4, 218leaves):

ie X (—aBe+Bcdx2+Ac (d+ex2)) -

Va
x4 i
X

EllipticE[i ArcSinh|

g Va

Va \c (Bd+ae) [1+°

4 .
(—JiAcd—JiaBe+\/?\/?<Bd+Ae)> 1. % E1lipticF[i ArcSinh| 1\/\/_? x|, -1] /
a a

2a ig c+a+cx?

Problem 11: Result unnecessarily involves imaginary or complex numbers.

A + B x? g
J(aJrcx“)y2 g
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Optimal (type 4, 262 leaves, 4 steps):
x (A+Bx?) BxVa=+cx*
2ava+cx? Za\/?(\/?+\/?x2>

B (\/;Jr\/?xz) MEllipticE[ZArcTan[ix‘}, 7]

233/4C3/4“/3+CX4

+

JaBoave) [(Vasvex] | — 2 eniptice[2arcTan[ 2], 1
( )( ) (\/?Jr\/?xz)z p [ [31/4] 2] /

(4 a5/4 c3/4 }a + CX4

Result (type 4, 182leaves):

. . .
i iVe Ve x (A+Bx?) -~/a B 1. % EllipticE[i ArcSinh| ive x|, -1] +
Ve a Ve

. .
(\/?ijA\E) 1. % E1lipticF|[i ArcSinh| Ve x|, -1] /
a Va

3/2 j'\/?JB/Z 4]
2a E— a+cx
) e

Problem 12: Result unnecessarily involves imaginary or complex numbers.

j A+Bx2 dx
(d+ex?) (a+cx4)3/2

Optimal (type 4, 732 leaves, 9steps):
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X (Acd+aBe+c (Bd—Ae) x2>

2a (cd2+ae2) Vva+cxt

3/2 (Bd-A ArcT A cd’+ae? x
\/?(Bd—Ae>X\/a+cx4 ¢ ( e) e an[ﬁﬁ\/a+cxa}
- +

2a (cd?+ae?) (\/?Jr\/?xz) 2/d (cd?+ae?)??

4 1/4
c4 (Bd-Ae) (\/?J,\/?xz) \I (a+cx)2 Ellip‘cicE[ZAr‘cTan[C 1/4)(], l] /
Va e x a2

(Zaz‘/4 (cd2+ae2) rJa+ecx?

4 1/4
Ve (Bd-Ae) (\/?H/?Xz) \I (\/_a:c/i)z EllipticF[zArcTan[c 1/4)(], %} /
a +vc x? .

(Zal/4 (\/?d—\/?e) (cd®*+ae’)yJa+cxt

+

(ACd+aBe—\/?\/?(Bd—Ae)) (\/?+4?X2) _awext
W?+\/?x2)2

1/4
Ellip‘cicF[ZAr‘cTan[c X], l} /(4a5/4c1/4(cd2+ae2)«/a+cx4 +

al/4 2

2 4
a*%e Ve d +e| (Bd-Ae) (\/?Jr\/?xz) Lz
Va (\/?m/?xz)
\/?d—\ge 2 1/4
EllipticPi|- ( ) B 2Ar‘cTan[C X}, l] /(4c1/4d (c?d*-a%e*) \Ja+cx?
4-/a \Jc de al/4 2

Result (type 4, 432 leaves):
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1

2a MW@ d(cd?+ae?) Va+cx?t

a

a

4
21aBde

CcX ivVa e
1+ EllipticPi[—L

a Ve d

, 1 Ar‘cSinh[

4

C X iva e
1+~ EllipticPil- ivae

a \e d

2iahAe’ , 1 ArcSinh|

Problem 13: Result unnecessarily involves imaginary or complex numbers.

J A+Bx2 dx
(d+ex2)2 (a+cx“)3’/2

Optimal (type 4, 1494 leaves, 15 steps):
cx(Acd*+2aBde-aAe?+ (Bcd®-2Acde-aBe?) x?)
2a (cd?+ae?)’Va+cxt
Ve e? (Bd—Ae)xm \/?(Bcdz—ZAcde—aBez)xm
2d<cd2+ae2)2(\/?+\/?x2)_ 2a<cd2+ae2)2(\/?+\/?x2)

e¥2 (Bd-Ae) (3cd?+ae?) Ar‘cTan[@]
Jd e +/arcxt -

+

e’ (Bd-Ae) xVa+cx?

2d(cd2+ae2)2<d+ex2) 4.d3/2 (cd2+ae2)5/2

e¥2 (Bcd?-2Acde-aBe?) Ar‘cTan[@]
Jd e +/arcxt

2+/d (cd2+ae2)5/2

4 1/4 1
al/4 1/4 o2 (Bd—Ae) (\EJr\/?Xz) _oaxexr Ele:i_p'ticE[ZAr‘CTan[C 1/4)(], *} /
a 2

e
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(Zd (cd2+ae2)2«/a+cx4

+|c¥* (Bcd’-2Acde-aBe?) (\/;Jr\/?xz)

4 1/4
\I(\/_a:c/i)z EllipticE[ZAr'cTan[c 1/4)(], ; /(2a3/4 (cd2+ae2)2m
a +vc x? a

C1/4X 1

4
cl/4 e (Bd—Ae) (\/?Jr\/?xz) \I ﬁ EllipticF[ZAr‘cTan[ 1 ” ;} /
a +vVec x? 2

(Zal“‘d (\/c_d—\/?e) (cd2+ae2) Ja+cx?

4
e (Bcd?-2Acde-aBe?) (Va +vc x| J %
Va ++/c x2

1/4
EllipticF[ZAr‘cTan[c X], E} /(Zal/4 (\Ed—\/;e) (cd®+ae?)?yJa+cxt

a1/4 2

NG (Acd2+2aBde—aAe2)

Va

c’*|Bcd?’-2Acde-aBe?-

o e

+

* 1/4
\I(\/_a:c/i)z EllipticF[ZAr‘cTan[C 1/4)(]’ i} / (4a3/4 (Cd2+ae2)2m
a +Vc x? a

e(\/?d+\/?e) (Bd—Ae) (3cd2+ae2) (\/?J,\/?Xz)\lw

(\/?+\/?x2)2
(\Ed—\/?e)z cl/4 x 1
EllipticPi|- » 2ArcTan| 1> =] /
4-/a \Jc de al’4 2
[Sal/“cl/“d2 (\/c_d—\/?e) (cd2+ae2)2x/a+cx4 +
2 4
a3/4e[\/?d+e (Bcd’-2Acde-aBe?) (\/?Jr\/?xz) _arex EllipticPi|
Va (Va « v x)’
\/?d—\ge 2 1/4
—< ) ,2Ar‘cTan[c X], l] /(4c1/4d(cd2—ae2) (cd2+ae2>2x/a+cx4
4-/a +Jc de al/4 2

Result (type 4, 427 leaves):
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1

2a | e (cd3+ade2)2 (d+ex?) Va+cxt

Ja
ive d(ae3(—Bd+Ae>x(a+cx4)+cdx(d+ex2)
Va
a
(—aAe2+Bcd2x2+Acd(d—2ex2)+aBe(2d—ex2))>—(d+ex2) 14 &%
a
[\/?\/?d (-Bcd®*+2Acd’e+2aBde’-aAe’) EllipticE|i ArcSinh| i\/\/_? x|, -1] +
a

i

\/?d(\ﬁdfjﬁe) (Acdzﬂ'l\/?ﬁd(Bdee)+ae(ZBdee))

ive
\a

EllipticF[i ArcSinh| x|, -1] +ae (-5Bcd®+7Acd’e+aBde’+aAe’)

EllipticPi[- j\/a—e, i ArcSinh| ive x|, -1]
Ve d Va

Problem 14: Result unnecessarily involves imaginary or complex numbers.

A +Bx2
J dx
(d+ex2)3(a+cx“)3/2
Optimal (type 4, 2452 leaves, 22 steps):
(cx(Acd(cd273ae2)+aBe(3cd27ae2)+c(Bcd373Acd2e73aBde2+aAe3)xz))/
(2a(cd2+ae2)3m 3+/c e? (Bd—Ae) (3cd2+ae2)xx/a+cx4 .
8 d2 (cd2+ae2)3 (\/?Jr\/?xz)
Ve e? (Bcd272AcdefaBe2)X\/a+cx4
2d (cd2+ae2)3 (\/?Jr\/?xz)
c3/2 (Bcds—3Acd2e—3aBdeZ+aAe3)X\/a+cx4 e3 (Bd—Ae)X\/a+CX4
2a(cd2+ae2)3(x/?+\/?x2> 4d(cd2+ae2)2(d+ex2)2

3e3 (Bdee) (3cd2+ae2) xVa+rcxt e (BcdzszcdefaBez) xVa+cx?

8 d? (cd2+ae2)3(d+ex2> 2d<cd2+ae2)3(d+ex2)

+




18 | Mathematica 11.3 Integration Test Results for 1.2.2.7 P(x) (d+e x~2)~q (a+b x"2+c x~4)"p.nb

e3/? (3cd2+ae2) (Bch—ZAcde—aBez) Ar‘cTan[@]
Va Ve farext T

4d¥2 (c d2+ae2)7/2

ced/? (Bcd3f3Acd2e73aBde2+aAe3) Ar‘cTan[@

Vd e +/a+cxt ] -

2+/d (cd2+ae2)7/2

3e¥2 (Bd-Ae) (5c2d*+2acd?e?+a%e?) Ar‘cTan[JDdz*aez *—]
d e i/ a+cx* -

16 d*2 (c d2+ae2)7/2

4
3 al/4 cl/4 e? (Bd—Ae) (3cd2+ae2) (\/?+V?x2) \I ﬁ
Va ++/c x?

1/4
Ellip‘cicE[ZAr‘cTan[C X], E} /(Sd2 (cd2+ae2)3xla+cx4
2

al/4

4
al/4 cl/4 @2 (Bcdz—ZAcde—aBez) (\/?+\/?x2) \I ﬁ
Va ++/c x?

1/4
EllipticE[ZAr‘cTan[c X],E} /(2d<cd2+ae2>3xla+cx4 +

a1/4 2

4
% (Bcd®-3Acd’e-3aBde’+ahe’) (Va « Ve x| J (awcx)2
Va +c x?

1/4
Ellip‘cicE[ZAr‘cTan[c 1/4)(], l} /(2a3/4 (cd2+ae2)3xla+cx4 -
2

a

C1/4e(Bdee> (4Cd2*\/?\/?de+3ae2) (\/a_+\/?xz) _arext
e

1/4
EllipticF[ZAr‘cTan[C X], l} /(Sal/“d2 (\/?d—\/?e) (cd2+ae2)2x/a+cx4 -

al/4 2

4
c'*e (Bcd’-2Acde-aBe?) (\EJr\/?xz) \I (a+cx)2
JVa ++/c x?
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1/4
Ellip‘cicF[ZAr‘cTan[c X], E} /(Zal/“d (\Ed—\/?e) (cd2+ae2)2x/a+cx4)—

a1/4 2

4
c>*e (Bcd’-3Acd’e-3aBde’+aAe’) (\/?Jr\/?XZ)J(anCX)Z
Va ++/c x?
1/4
EllipticF[ZArcTan[c1/4)(]’ E} /(Zal/“ (\Edf\/;e) (Cd2+ae2>3m .
a 2

¢34 (Ac2d3—azBe3—\/?c3/2d2 (Bd-3Ae)+3acde (Bd-Ae) +a*2+/c e (3Bd—Ae))

C1/4 X 1

5 a+cx? ..
(\/?+\/?x ) \I m E111pt1cF[2Ar‘cTan[ o ], g} /

(4a5/4 (cd2+ae2)3«/a+cx4

+le(vcd+vVa e] (3cd?+~ae?) (Bcd®>-2Acde-aBe?
(

(\/?d—\/;e)z /4y 1

B ZAPcTan[ 1 }, g] /

(Va « Ve %) e )ipticpi[-
(\/a_+\/?x2)2 4+/a \/c de

+

[Sal/“cl/“d2 (\/c_d—\/?e) (cd2+ae2)3x/a+cx4

Ved )2
a4 c3te N e (Bcd3—3Acd2e—3aBde2+aAe3) (\/?+\/?x2)
a
a+cx? (\/c_d—\/?e)z cl/4 1
R EllipticPi[— , ZAPcTan[ ], —] /
Va +ve )’ 4+/a Ve de ave 2

+

(4d(cd2—ae2) (cd2+ae2)3xla+cx4

3e(\/c_d+\/?e) (Bd-Ae) (5c*d*+2acd?e?+a%e?) <\/?+\/?x2)

a+cx? (Wd—ﬁe)z cl/4 x
——————— EllipticPi[- » 2ArcTan|

(Va + Ve <) 4a e de at/e

N R
\
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(32a1/4c1/4d3 (\/?d—ﬁe) (cd2+ae2)3xla+cx4

Result (type 4, 630 leaves):
1

8a % (cd3+ade2)3 (d+ex2)2\/a+cx4

ive
\a

dx(—Zade3 (Bd—Ae) (cd2+ae2> (a+cx4)+
ae’ (-13Bcd’+17Acd’e+aBde’+3aAe’) (d+ex?) (a+cx*) +4cd? <d+ex2)2
(B (—a2e3+c2d3x2+3acde(d—exz))+Ac(cd2 (d—3ex2)+ae2(—3d+ex2))))—

4
<d+ex2)2 14 <X

a e d (3Ae (-4c*d*+7acd*e*+a’e?) +
a

B(4c*d®-25acd®e?+a’de*)) E1lipticE[i ArcSinh]|

i

e d (\/?d—]i\/?E) (4Ac2d4+4j1\/a_c3/2d3 (Bd—ZAe) +19acd?e (Bd—Ae) -

2ia%?2+/c de? (3Bd-Ae) -a’e’ (Bd+3Ae)) EllipticF i ArcSinh| iVe
Va
—1} +ae (3Ae (21c*d*+2acd’e’+a’e?) +B (-35c*d>+26acd’e’+a’de?))

x|,

EllipticPi[- ]'H/;e, i ArcSinh| ive x|, -1]
Ve d Va

Problem 15: Unable to integrate problem.

dx

J(A+Bx2) (d+ex?)d

a+cx?

Optimal (type 6, 169 leaves, 6 steps):

1 Vv-a B -a 1 3 v 2 2
= a2 x<d+ex2)q[1+ex ] AppellFl[ =, 1, -q, —, - cx,—£]+
2a Nre d 2 2" T a d

1 v-a B e -q 1 3 e x? e x?
A+ x(d+ex2)q(1+ X J AppellFl[—, 1, -q, —, X ,-—X}
2a Nre d 2 2 a3 d

Result (type 8, 28 leaves):
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dx

J(A+Bx2) (d+ex?)?

a+cx?

Problem 16: Result unnecessarily involves imaginary or complex numbers.

2 + X2
J dx
<1+X2> V2+3x2+x?t

Optimal (type 4, 48 leaves, 2 steps):
V2 (2+x2) EllipticE [ArcTan[x], ﬂ

2
2% \[243x2 4 x4

14x2

Result (type 4, 94 leaves):

_ 2X+X3+iA1+x2 2+ %P EllipticE[iAr‘cSinh[L], 2] -
V2+3x2+ x4 V2

if1+x2 Af2+x% EllipticF[jArcSinh[%], 2]
2

Problem 17: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J<A+BX2) (d+ex2)3
Vva+bx?+cx?

Optimal (type 4, 755 leaves, 6 steps):
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e<7Ace(15cd—4be) +B(105c2d2+24b2e2—ce(84bd+25ae>))Xx/a+bx2+cx4 +
105 ¢3
e? (21Bcd-6bBe+7Ace) x*Va+bx?+cx* Be3x®+a+bx?+cx?

+ +
35 ¢? 7c

((7Ace<45c2d2+8b2 2—3ce(1@bd+3ae))+B

(105c3d3—48b3e3—21c2de (10bd+9ae) +8bce? (21bd+13ae))) x~/a+bx?+cx?

/

(10572 (Va +/c x?| | - |al/* (7TAce (457 d? +8b2e’ ~3ce (1obd+3ae)) +

B (105c>d’-48b’e®-21c*de (10bd+9ae) +8bce” (21bd+13ae)))

a+bx?+cx? cl/4 x

(\/?Jr\/?xz) ———————— EllipticE[2ArcTan| ] 1
(\/?+\Ex2)2 C 4

2 -

el

(105 cB4\Ja+rbx?+ecx?

+ (a4 [7Ace(45c2d2+8b2e2-3ce(10bd+3ae))+

B (105c>d’-48b>e®-21c*de (1ebd+9ae) +8bce” (21bd+13ae)) +

Va

Ve (7Ac (15c*d>-15acde’+4abe’) ~aBe (105c*d?+24b%e? - ce (84bd+25ae)))]

cl/4

2 4
(\/?Jr\/?xz) _arbxirext EllipticF[2ArcTan|

] 1
=
( ,—a N ﬁc XZ)Z a1/4 4
(210c15/4x/a+bx2+cx4

Result (type 4, 4473 leaves):

\Ja+rbx?+coxt
1

e (—105Bc2dz+84bBcde—105Ac2de—24b2Be2+28Abce2+25aBcez) X +

105 c3
ez(lecd—GbBe+7Ace)x3 Be3 x5
+ +
35 ¢2 7c

1 2cx? 2 cx?

105ch2(—b+x/b2—4ac)d3 1- 1-
105 ¢’ -b-+vVb2-4ac -b+Vb2-4ac
C -b-+b?-4ac

EllipticE[i ArcSinh[+/2 |- ] ]-

XJ
-b-+/b%*-4ac -b++b?-4ac
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C } —b—m] /

2

- X
-b-+b%-4ac -b++vb%-4ac

C
2+/2 - Ja+rbxZiex? | -

EllipticF[i ArcSinh[V/2

-b-+/b%*-4ac
. 2 5 2cx? 2cx?
1051bBc(—b+ b —4ac)d e [1- 1-
-b-+vb2-4ac -b+vb2-4ac
C -b-+vb?-4ac

EllipticE[j Ar‘cSinh[\E - X1, } -
-b-+/b%?-4ac -b+vb2-4ac

EllipticF[i ArcSinh[+/2 |-

)

X
-b-+vb%-4ac -b+vb2-4ac

C
V2o - Ja+bxZ+cext |+

c —b—\/m] /

-b-+vb2-4ac
2 ¢ x? 2 ¢ x?
3151‘1Ac2(—b+x/b2—4ach2e 1- 1-
-b-+vb?-4ac -b+/b2-4ac
c -b-+/b%?-4ac

EllipticE[i ArcSinh[v/2

: ) -
-b-+b%-4ac -b++/b%2-4ac

E

X
-b-+/b?-4ac -b++/b2-4ac

c
242 |- Jarbx?+rcox* |+

-b-+b?-4ac

c ] —b—\/m] /

EllipticF[iArcSinh[V2 |-

2 c x? 2 cx?
421’1\Eb2B(—b+x/b2—4ac de? [1- 1-
-b-+/b?2-4ac -b+/b%?-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |- x|, |-
-b-+vb2-4ac -b+vb2-4ac
c -b-+b%?-4ac
EllipticF[iArcSinh[V2 |- x|, ] /
-b-+vb%-4ac -b++vb%-4ac

C
- Ja+rbx?Z+rex? | -

-b-+/b%*-4ac
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2 cx? 2 c x?
105]‘1Abc(—b+x/b2—4ac de? [1- 1-
-b-+/b%?-4ac -b++/b2-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |- ] ] -

X,
-b-+vb2-4ac -b+vb2-4ac

EllipticF[i ArcSinh[v/2

2

- X
-b-+/b?2-4ac -b++/b%-4ac

C
\/? - Ja+bx2rcxt | -

C } 7b7m] /

-b-+/b%-4ac
] 2 5 2 ¢ x? 2 ¢ x?
1891ch(—b+ b -4ac |de 1- 1-
-b-+vb2-4ac -b++vb%-4ac
C -b-+vb?-4ac

EllipticE[j Ar‘cSinh[\E - X1, } -
-b-+/b%2-4ac -b++vb2-4ac

EllipticF i ArcSinh [\/7 -

)

X
-b-+vb%-4ac -b+vb%-4ac

C
242 - Ja+rbx2icoxt | o+

-b-+vb2-4ac

C ] —b—\/m] /

2 cx? 2 cx?
141'1\/7Ab2(—b+x/b2—4ac e? [1- 1-
-b-+/b2-4ac -b+vb2-4ac
C -b-+b2-4ac
EllipticE[i ArcSinh[+/2 ] ] -

_ x|,
-b-+/b%*-4ac -b++vb?-4ac

c x} —b—\/b2—4ac] /
b-+b2-4ac b+V/b2>-4ac

c
- Ja+rbx2iox?t |+

-b-+vb*-4ac

EllipticF[i ArcSinh[+/2 |-

2cx? 2 c x?
ZGj\EabB(—b+x/b2—4ac ed |1- 1-
-b-+/b?-4ac -b++/b2-4ac
c -b-+vb?-4ac
EllipticE[i ArcSinh[+/2 |- ] ] -

X,
-b-+vb2-4ac -b+vVb2-4ac
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c } 7b7\/b274ac] /
— X/,
-b-+vb2-4ac -b+vb%-4ac

C
- Ja+rbxZ+rex? | -

EllipticF[i ArcSinh[V/2

-b-+/b2-4ac
2cx? 2 ¢ x2
121‘1\/7b38(—b+ b2-4ac |e> [1- 1-
-b-+vb%-4ac -b+vb2-4ac
c -b-+/b%-4ac

EllipticE[j Ar‘cSinh{\E - X1, } -
-b-+/b%?-4ac -b+vb2-4ac

EllipticF[i ArcSinh[+/2 |-

)

X
-b-+vb%-4ac -b+vb2-4ac

C
c |- Ja+rbx?iex? | -

-b-+b?-4ac

c —b—\/m] /

2 ¢ x? 2 ¢ x?
631’1aAc(—b+x/b2—4ac e’ [1- 1-
-b-+vb?-4ac -b+/b2-4ac
c -b-+/b%?-4ac

EllipticE[i ArcSinh[v/2

: ) -
-b-+b%-4ac -b++/b%2-4ac

E

X
-b-+/b?-4ac -b++/b2-4ac

c
242 |- Jarbx?+rcox* | -

c ] —b—\/m] /

EllipticF[iArcSinh[V2 |-

-b-+b%-4ac
33 2cx? 2cx?
1051 Ac’d 1- 1-
-b-+b%?-4ac -b++vb2-4ac

EllipticF[i ArcSinh[+/2 |-

)

X
-b-+/b?2-4ac -b++/b2-4ac

c
V2o - Jarbx?+reox* |+

d } bm]/

-b-+/b?-4ac
. - 2cx? 2cx?
1051aBc°d e [1- 1-

-b-+/b%*-4ac -b++/b?-4ac
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C } b\/m]/

)

X
-b-+/b2-4ac -b++/b2-4ac

c
V2 oo - Jarbx?+eox* | -

EllipticF[i ArcSinh[+/2 |-

-b-+b%2-4ac
2cx? 2 cx?
42i+/2 abBcde? |1- 1-
-b-+/b?-4ac -b++/b%2-4ac
c -b-+/b?-4ac
EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+/b?2-4ac -b++/b?-4ac

C
- Ja+bxZircxt |+

-b-+/b2-4ac
] y i 2 ¢ x? 2 ¢ x?
1051 aAc°de 1- 1-
-b-+vb2-4ac -b+vb%-4ac
c -b-+/b?2-4ac
EllipticF[iArcSinh[V2 |- x|, ]/
-b-+vb%-4ac -b+vb%-4ac

C
V2 - Ja+bxZ+rcxt |+

-b-+/b*-4ac
2 ¢ x2 2 ¢ x2
12i+/2 ab?Be® [1- 1-
-b-+vb2-4ac -b+vb2-4ac
c -b-+b%-4ac
EllipticF[iArcSinh[V2 |- x|, ]/
-b-+vb%-4ac -b+vb2-4ac

C
- Ja+rbxZrex? | -

-b-+b2-4ac
2 ¢ x2 2 ¢ x2
14i+/2 aAbce® [1- 1-
-b-+vb%2-4ac -b+vb2-4ac
c -b-+b%-4ac
EllipticF[i ArcSinh[+/2 |- x|, ] /
-b-+vb%-4ac -b+vb%-4ac

C
- a+rbxZ+rex? | -

-b-+b?-4ac
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- 3 2 ¢ x? 2 ¢ x?
251 a“Bce 1- 1-
-b-+/b?-4ac -b++/b2-4ac

C -b-+vb?-4ac
EllipticF[j Ar‘cSinh[\/? - x], ] /
-b-+/b?2-4ac -b++/b?-4ac

C
[\/7\/— AJa+rbx?+cx?
-b

Problem 18: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

(A+Bx2) (d+ex?)?
J Va+bx2+cxt
Optimal (type 4, 528 leaves, 5steps):
e(16Bcd-4bBe+5Ace) xVa+bx?+cxt . Be2x3va+bx2+cxt

15 c? 5c¢

((10Ace(3cd—be)+B(15c2d2+8b2e2—ce(20bd+9ae))>xﬂa+bx2+cx4

+

/

(15c5/2 (\EJr\/?xz)) ~ |al/4 (10Ace (3cd—be) +B (15c2d2+8b2e2—ce (20bd+9ae)))

2 4 1/4
(\/?+\/?x2) arbxiext Ellip‘cicE[zAr‘cTan[C X]

1
(\/;Jr\/?xz)z al/4 ’Z

el

+ a1/4

10Ace (3cd—be) +B (15c2d2+8b2e2—ce (20bd+9ae)) -

(15 4 Ja+rbx?+cx?

\/?<2aBe(5cd72be)75Ac (3cd27ae2)>

(\/?+\EX2) a+bx?+cx?

va (\/a +4c x2)2
1/4 X 1 b
EllipticF |2 ArcTan| ], = 2—7]] /[3@ 174 3 bx?acx
al/4 4 N

Result (type 4, 2613 leaves):

e(leBcd-4bBe+5Ace) x Bex?
+ Ja+rbx?+coxt +

15 c? 5c
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, 5 5 2cx? 2cx?
151Bc[—b+ b—4ac]d 1- 1-
15 ¢? -b-+V/b2-4ac -b+Vb2-4ac
C -b-+vb%-4ac

EllipticE[i ArcSinh[~+/2

_ X], },
-b-+b%2-4ac -b+Vb%-4ac

EllipticF[iArcSinh[V2 |-

c ] —b—\/m] /

B

X
-b-+/b?-4ac -b++/b2-4ac

c
2v2 |- Ja+bx?+coxt | -

-b-+/b%>-4ac
. 5 2 ¢ x? 2 ¢ x?
SI\EbB(ber\/b —4ac)de 1- 1-
-b-+/b?-4ac -b++/b%2-4ac
c -b-+vb?-4ac

EllipticE[i ArcSinh [\/7

_ X] }_
-b-+/b%-4ac ,—b+\/b2—4ac

EllipticF[i ArcSinh[+/2 |-

C } —b—\/b2—4ac] /
X,
-b-+/b?2-4ac -b++/b2-4ac

C
- Ja+rbxZircext |+

-b-+/b2-4ac

2 cx? 2 ¢ x?
151'1Ac(—b+x/b2—4ac de [1- 1-
-b-+vb2-4ac -b++vb%-4ac
C -b-+vb?-4ac

EllipticE[j Ar‘cSinh[\/? - X1, } -
-b-+b%?-4ac -b+vb%-4ac

EllipticF[i ArcSinh [\/7 -

)

X
-b-+vb%-4ac -b+vb2-4ac

c
ﬁ - AJa+rbxZicoxt | -
-b-+b2-4ac

C —b—\/m] /

2 ¢ x2 2 ¢ x2
511Ab[—b+w/b2—4ac e’ |1- 1-
-b-+vb2-4ac -b+vVb2-4ac
c -b-+/b%-4ac
EllipticE[i ArcSinh[+/2 |- ] ] -

XJ
-b-+/b%*-4ac -b+vb%-4ac
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C } —b—m] /

2

- X
-b-+vb2-4ac -b+vb%-4ac

C
V2| - Jarbx?+rex? | -

EllipticF[i ArcSinh[V/2

-b-+/b2-4ac
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Problem 19: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+BX2) (d+ex2)
Va+bx?+cx?

Optimal (type 4, 368 leaves, 4 steps):
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Problem 20: Result unnecessarily involves imaginary or complex numbers.

A + B x?
J— dx
Va+bx?+cx?
Optimal (type 4, 283 leaves, 3 steps):
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Problem 21: Result unnecessarily involves imaginary or complex numbers.

A+ Bx?
J dx
(d+ex?) Va+bx?+cx?t
Optimal (type 4, 436 leaves, 3 steps):
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Problem 22: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+ Bx2
J dx
(d+ex2)2\/a+bx2+cx4

Optimal (type 4, 782 leaves, 6 steps):
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Problem 23: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A +Bx2
J dx
(d+ex2)3\/a+bx2+cx4

Optimal (type 4, 1125leaves, 7 steps):
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-b-+b?-4ac -b+vb2-4ac
(—b—\/b2—4ac)e c
EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd -b-+vb?-4ac
-b-+/b%-4ac C 5 "
}/ - AJa+bxf+cx +
-b++vb2-4ac -b-+/b%?-4ac
2 c x? 2 cx?
2i+/2 abBde? [1- 1-

-b-+/b?-4ac -b+vb2-4ac
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(—b—\/b2—4ac ) e

C
EllipticPi|- , 1 ArcSinh[v/2 |- x|,
2cd -b-+/b2-4ac
-b-+vb2-4ac c 3 2
}/ - AJa+bxf+cx -
-b+vb2-4ac -b-+b2-4ac
2 ¢ x? 2 ¢ x?
3i+/2 aAcde? [1- 1-
-b-+vb?-4ac -b+vb%-4ac
(—b—\/b2—4ac)e c
EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd ~b-Vb?-4ac
-b-+b2-4ac c 2 2
}/ - arbx2ieoxt |+
-b+vVb2-4ac -b-+/b%-4ac
2cx? 2cx?
4i+/2 aAbe® [1- 1-
-b-+b%-4ac -b+vVb2-4ac
(—b—\/b2—4ac)e c
EllipticPi|- , 1 ArcSinh[v/2 |- x|,
2cd -b-+vb%-4ac
-b-+/b%-4ac c 2 2
}/ - \Ja+bxf+cx -
-b++vb2-4ac -b-+/b%?-4ac
L 22 2 ¢ x2 S (—b—\/b2—4ac)e
1a“Be 1- 1- E111pt1cP1[—
b-+b*-4ac b+/b*-4ac 2cd
C -b-+/b?-4ac
jArcSinh[\E - x}, }/
-b-+/b%-4ac -b++/b2-4ac
c
V2| - Ja+bxZircxt | -
-b-+b%2-4ac
5 2 ¢ x? 2 ¢ x? L
3ia’Ae* [1- 1- EllipticPi]|
-b-+/b%?-4ac -b+vb*-4ac
(7b—\/b2—4ac)e ) c b-Jb2_-4dac
- , i ArcSinh[+/2 |- x|, ]/
2cd -b-+b2-4ac -b++vb2-4ac

C
V2] - dya+bx?+cx?

-b-+vb2-4ac



Mathematica 11.3 Integration Test Results for 1.2.2.7 P(x) (d+e x~2)~q (a+b x"2+c x~4)"p.nb | 43

Problem 24: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J<A+BX2) (d+ex2)3 i

<a+bx2+cx4)3/2

Optimal (type 4, 859 leaves, 5 steps):

(x (Ac (b®cd®*-2acd (cd*-3ae’)-abe (3cd*+ae?)) +
aB(ab’e’+2ace (3cd®-ae’)-bcd (cd*+3ae?)) -
(aB(2cd-be) (c*d*+b’e’-ce (bd+3ae)) +

Ac (ab2e3+zace<3cd2‘ae2>_de(Cd2+3ae2)>)X2>>/
(ac2 <b2_4ac) \/m +Be3x\/m

3 ¢2
((aB (6c3d3—8b3e3—9c2de (bd+6ae) +bce? (18bd+29ae)) +

+

3Ac<2ab2e3+6ace(cd27ae2)7bcd(cd2+3ae2)))

Xx+/a+bx?+cx? /(3ac5/2 (b*-4ac) (\/?+\/?x2))_

(aB (6c*d*-8b%e’-9c*de (bd+6ae) +bce? (18bd+29ae)) +

3Ac<2ab2e3+6ace(cd2—ae2)—bcd(cd2+3ae2))) (\/a_+\/?x2)

2

a+bx?+cx* o 4%, 1
B — E111pt1cE[2Ar‘cTan[ —

B
(\/a +4/c x2>2 al/* 4
[3a3“‘c11/4 (b2—4ac) rJa+rbx?+cxt

ﬁbﬁ]]/

(BAc3d3—SaZBce3—3V?c5/2d2 (Bd+3Ae) +ae (3cd—2be) (38cd—4bBe+3Ace) +

3a32+/c e? (9Bcd-4bBe+3Ace)) (\/?+\/c_x2)

EllipticF[Z Ar‘cTan[ ], -

(\/a—+\/?xz>2 a1/4 i

[6a3/4 (b-2+a Vo) cifasbx s cxt
Result (type 4, 5432 leaves):

Be3x 1
\Ja+bx?+cx?

'
(-Ab*c?d*x+abBc?d®x+2aAc®d®*x+3aAbc’d’ex-6a’Bc*d’ex+3a’bBcde’x-

a+bx?+cx? c/4x, 1 5 b ]] /
Ve e

3¢ ac?(-b?+4ac) (a+bx?+cx?)
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6a?Ac’de?x-a’b?Be3x+a’Abce’x+2a’Bcedx-Abccd®x}+2aB3d®x3 -
3abBc?d’ex*+6aAc’d’ex?+3ab’Bcde?x*-3aAbc?de’x’-6a?Bc?de?x®-
1
3ac? (-b*+4ac)

2cx? 2cx?
- 31‘1Abc2[—b+\/b2—4ac]d3 1- €x 1- X
-b-+/b?-4ac -b+vb2-4ac

C ] —b—\/b2—4ac}
x|, -
-b-+vb2-4ac -b+vVb2-4ac

c —b—\/m} /

ab3Be3x3+aAb2ce3x3+3a2bBce3x3—2a2Ac2e3x3> -

EllipticE[i ArcSinh[V2 |-

EllipticF[iArcSinh[V/2 |-

B

X
-b-+/b?-4ac -b++/b2-4ac

c
242 - \Ja+bx?+cx? +
-b-+b?-4ac

2cx? 2 cx?
Bjchz(—b+«/b2—4ac]d3 1- 1-
-b-+vb2-4ac -b+vb%-4ac

C ] —b—\/b2—4ac}
x|, -
-b-+/b%2-4ac -b+vb2-4ac

EllipticE[iArcSinh[V2 |-

)

X
-b-+vb2-4ac -b+vb2-4ac

(e
V2 - Ja+bx?+coxt | -

c ] —b—\/m] /

EllipticF[i ArcSinh[+/2 |-

-b-+b2-4ac
, 2 5 2cx? 2cx?
91abBc(—b+ b—4ac)de 1- 1-
-b-+vb2-4ac -b+vb2-4ac
c -b-+/b%2-4ac
EllipticE[i ArcSinh[+/2 |- x|, ]-
-b-+/b%*-4ac -b+vb*-4ac
C -b-+b?-4ac
EllipticF[j Ar‘cSinh[\E - x}, ] /
-b-+/b?-4ac -b+vb%-4ac

22 |- ¢ Jarbx?2rcox* |+
-b-+/b%>-4ac
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. 5 2 5 2 cx? 2 ¢ x?
91aAc (—b+«/b —4ac)d e |1- 1-

-b-+/b%2-4ac -b+/b2-4ac

c ] —b—\/b2—4ac}
x|, -
-b-+vb2-4ac -b+vb2-4ac

EllipticE[i ArcSinh[+/2 |-

EllipticF[i ArcSinh[v/2

2

- X
-b-+/b?2-4ac -b++/b%-4ac

c
V2 o - Ja+bx2+coxt |+

C } 7b7m] /

-b-+/b2-4ac
L 2 ; 2 ¢ x? 2 ¢ x?
91ab B(—b+ b -4ac |de 1- 1-
-b-+vb?-4ac -b++vb%-4ac
C -b-+vb?-4ac

EllipticE[j Ar‘cSinh[\E - X1, } -
-b-+/b%2-4ac -b++vb2-4ac

EllipticF[i ArcSinh[+/2 |-

)

X
-b-+vb%-4ac -b+vb%-4ac

Cc
V2 - arbx?rex? | -

-b-+b2-4ac

C ] —b—\/m] /

2 ¢ x2 2 ¢ x2
91’1aAbc(—b+x/b2—4ac de? [1- 1-
-b-+vb%2-4ac -b+vb2-4ac
c -b-+/b%-4ac
EllipticE[i ArcSinh[+/2 ] ] -

— X/,
-b-+/b%*-4ac -b++vb?-4ac

c ] —b—\/m] /

B

X
-b-+/b?-4ac -b++/b2-4ac

22 |- ¢ Jarbx?2+rcox* | -
-b-+b2-4ac

EllipticF[iArcSinh[V2 |-

2 c x? 2 cx?
27ja2Bc[—b+xlb2—4ac de? [1- 1-
-b-+/b%?-4ac -b+vb2-4ac
c -b-+vb?-4ac
EllipticE[i ArcSinh[+/2 |- ] ] -

X,
-b-+vb2-4ac -b+vVb2-4ac
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C } —b—m] /

2

- X
-b-+vb2-4ac -b+vb%-4ac

C
V2 - Ja+bxZrcext |+

EllipticF[i ArcSinh[V/2

-b-+/b2-4ac
, 2 (. 2 3 ) 2cx? ) 2cx?
31aAb b b -4ac |e 1 1
-b-+vb2-4ac -b+vb2-4ac
C -b-+vb?-4ac

EllipticE[iArcSinh[V2 |-

x| ] -
-b-+/b%?-4ac ,—b+\/b2—4ac

EllipticF[i ArcSinh[+/2 |-

)

X
-b-+vb%-4ac -b+vb2-4ac

C
V2o - Ja+bxZ+cext |+

-b-+b?-4ac

c —b—\/m] /

2 2 2 2
ZQjasz[—b+x/b2—4ac e [1- €X 1- €x

-b-+b?-4ac -b+vVb2-4ac
c -b-+/b%?-4ac

EllipticE[iArcSinh[V2 |- x|, |-
-b-+vb2-4ac -b+vb%-4ac

C -b-+vb?-4ac

EllipticF[j Ar‘cSinh[\/? - x}, ] /

-b-+/b?-4ac -b++/b2-4ac

c
242 |- Jarbx?+rcox* | -

-b-+b?-4ac

2 cx? 2 cx?
2]'1\/7ab3B(—b+«/b2—4ac ed |1- 1-
-b-+/b%*-4ac -b++/b2-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |- x|, |-
-b-+vb2-4ac -b+vb2-4ac
c -b-+/b?-4ac
EllipticF[iArcSinh[V2 |- x|, ] /
-b-+vb%-4ac -b++vb%-4ac

c
c |- Ja+rbx?+cox? | -
-b-+/b2-4ac
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2 ¢ x? 2 c x?
QjaZAc( b++b>-4ac|e® [1- 1-
-b-+/b%?-4ac -b++/b2-4ac
c -b-+vb%-4ac
EllipticE[i ArcSinh[+/2 |- ] ] -

X,
-b-+vb2-4ac -b+vb2-4ac

EllipticF[i ArcSinh[v/2

2

- X
-b-+/b?2-4ac -b++/b%-4ac

C
V2o - Jarbx?+rex* | -

C } 7b7m] /

-b-+/b%-4ac
, ) 3 2 ¢ x? 2 cx?
31abBcd 1- 1-
-b-+vb2-4ac -b+vb%-4ac

C —b—\/m] /

3

X
-b-+b2-4ac -b+vb%-4ac

EllipticF[iArcSinh[V2 |-

-b-+/b*-4ac
2 ¢ x2 2 ¢ x2
3i+/2 aAcdd® [1- 1-
-b-+vb2-4ac -b+vb2-4ac
c -b-+b%-4ac
EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+vb%-4ac -b++vb2-4ac

C
- Ja+rbxZiex? | -

-b-+vb2-4ac
, - 2cx? 2cx?
9iaAbc d e |1- 1-
-b-+vb?-4ac -b+vb2-4ac
c -b-+vb%-4ac
EllipticF[i ArcSinh[+/2 |- x|, ] /
-b-+vb%-4ac -b+vVb2-4ac

c
v2 o - Ja+bx?+coxt |+

-b-+/b?-4ac
2cx? 2 cx?
9i+2 a?Bc?d?’e [1- 1-

-b-+vb?-4ac -b++/b2-4ac
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C } b\/m]/

)

X
-b-+/b2-4ac -b++/b2-4ac

c
- Jarbx?+eox* | -

EllipticF[i ArcSinh[+/2 |-

-b-+b%2-4ac
- 5 2cx? 2cx?
91a°bBcde 1- 1-
-b-+/b%*-4ac -b++/b2-4ac
c -b-+b%?-4ac
EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+/b?2-4ac -b++/b?-4ac

c
V2 o - Ja+bx?+coxt |+

-b-+/b%?-4ac
2cx? 2 cx?
912 a?Ac’de? [1- 1-
-b-+vb?-4ac -b+vb%-4ac

2

X
-b-+vb%-4ac -b+vb%-4ac

C
- Ja+bxZrcext |+

C —b—m] /

EllipticF[iArcSinh[V2 |-

-b-+/b%*-4ac
2 ¢ x2 2 ¢ x2
2i+/2 a?b?Be® [1- 1-
-b-+vb2-4ac -b+vVb%-4ac

EllipticF[iArcSinh[V/2

3

- X
-b-+vb%-4ac -b+vb2-4ac

C
- Ja+rbxZrex? | -

d } —b—\/m]/

-b-+b2-4ac
L, 3 2cx? 2 cx?
31a“Abce 1- 1-
-b-+vb2-4ac -b+vb%-4ac
c -b-+b%-4ac
EllipticF[iAr‘cSinh[\/? - x|, ]/
-b-+vb%-4ac -b+vb%-4ac

C
V2| - Ja+rbxZ+rex? | -

-b-+b?-4ac
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2 2 2 2
5i+/2 a*Bced [1- €X 1- °x
-b-+/b%?-4ac -b+vb2-4ac

-b-/b%-4
EllipticF[i ArcSinh[v2 |- : x|, ] /
-b-+/b?2-4ac -b++/b?-4ac

IS
_ \Jarbx?+cxt
-b

Problem 25: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(A+Bx2) (d+ex2)2

(a+bx2+cx4)3/2

Optimal (type 4, 628 leaves, 4 steps):

—((x (aB(bcd*-4acde+abe’) -Ac (b*d*-2abde-2a (cd®-ae?)) -
(Ac (bcd*-4acde+abe’) -aB (2c*d®+b? 2—2ce(bd+ae)))x2))/
[ac (b274ac)m )7
((Ac (bcd®-4acde+abe?) -2aB (c2d?+b?e?-ce (bd+3ae))) x[arbx?+cxt

(ac3'/2 (b*-4ac) (\/?+\/?x2)) +

/

(Ac (bcd2—4acde+abe2)—2aB(c2d2+b2e2—ce(bd+3ae)>) (\/;+\/?x2)

a+bx?+cx? L cl/4 x
——————— EllipticE[2ArcTan|

] 1
(Va /e x)? att 4
(a3/4c7/4 (b2—4ac> \Ja+rbx?+cx?

(Ac2d2+3a3/2B\/?e2—\/?c3/2d (Bd+2Ae) +ae <ZBcd—2bBe+Ace))

1/4X

(\/?+\/?x2) Larbxfrext EllipticF |2 ArcTan| 2-

1

-

(\/?+\/?x2)2 al/t = 4

(2a3/4 (b—Z\/a \/c)c7/“xla+bx2+cx4

[—

=)/

| a9
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Result (type 4, 3464 leaves):

(—Ab2cd2x+abBcd2x+2aAc2d2x+2aAbcdex—4a2Bcdex+
a’bBe?x-2a2Ace’x-Abc?d*x>+2aBc?d*x>-2abBcdex?+4aAcidex®+

asze2x3—aAbce2x372a2Bce2x3)/(ac (-p*+4ac)/a+bx®>+cx*

1 2 ¢ x2 2 ¢ x2
- jAbc(—b+x/b2—4ac)d2 1- 1-

ac(-b*+4ac) -b-+b%2-4ac -b++vb%*-4ac
c -b-+vb2-4ac

EllipticE[i ArcSinh[V2 |- x], ] -
-b-+/b*-4ac -b+/b?-4ac

3

- X
-b-+vb%-4ac -b+vb2-4ac

c
242 |- JarbxZioxt ||+

_b - 2 _
EllipticF [i ArcSinh[+/2° c ] b m} /

-b-+b2-4ac
. ) 5 2cx? 2cx?
1ch[—b+ b—4ac]d 1- 1-
-b-+b?-4ac -b+vb%-4ac
C -b-+/b%2-4ac

EllipticE[iArcSinh[V2 |-

x|, }7
-b-+/b%*-4ac -b++b*-4ac

- B

C -b-+vb?-4ac
EllipticF[j Ar‘cSinh[\E x} ] /
-b-+/b?-4ac -b++/b2-4ac

c
V2 oo - Jarbx?+rcox* | -

b BT dac
: 2 2cx? 2cx?
JlabB[—bJr b -4ac |de [1- 1-
-b-+/b2-4ac -b+/b%2-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 ] ] -

_ X/,
-b-+vb2-4ac -b+vb?-4ac

bl

-b-+b%2-4a
E1lipticF[i ArcSinh[v2 |- . x| . /
-b-+Vb%-4ac -b+vVb?-4ac

C
A2 Ja+bxZrcxt |+

-b-+/b2-4ac
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2 c x? 2 ¢ x2
i+2 aAc[—b+x/b2—4ac)de 1 1-

-b-+/b?2-4ac -b+/b%?-4ac
c -b-+vb?-4ac

EllipticE[i ArcSinh[V2 |-

x],
-b-+vb%?-4ac -b+vb?-4ac

EllipticF[iArcSinh[V2 |-

x|,
-b-+vb2-4ac -b+vb%-4ac

c
- Ja+rbx?ioxt | -
-b-+/b%-4ac

} _

c —b—\/b2—4ac]

2 ¢ x2 2 ¢ x2
JiaAb[—b+w/b2—4ac e |1- 1-
-b-+vb2-4ac -b+vVb2-4ac
c -b-+/b2-4ac
EllipticE[i ArcSinh[+/2 |- ]

XJ
-b-+/b%*-4ac -b+vb%-4ac

EllipticF[iArcSinh[V2 |-

)

X
-b-+vb?-4ac -b+vb%-4ac

c
22 |- Ja+rbx?iex? | -

} _

c —b—\/b2—4ac]

-b-+b?-4ac
2 cx? 2 cx?
31’1azB(7b b>-4ac |e* [1- €x 1- €x
~b-+/b2-4ac ~b+/b2-4ac
C -b-+b?-4ac
EllipticE[i ArcSinh[V2 |- ] ] -

X,
-b-+vb2-4ac -b+vVb2-4ac

EllipticF[iArcSinh[v/2

)

X
-b-+/b2-4ac -b++/b2-4ac

c
V2 |- Ja+rbxtiox* |+

C } —b—\/b274ac]

-b-+b?>-4ac
L 3 5 2cx? 2cx?
iab B(fb+ b -4ac |e 1- 1-
-b-+b?2-4ac -b++vb?>-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |-

— X,
-b-+vb%2-4ac -b+vb2-4ac

/

/

/

| 51
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)

X
-b-+vb2-4ac -b+vb2-4ac

C
V2 ¢ |- Va+rbxZrex? | -

EllipticF[i ArcSinh [\/7 -

c ] —b—\/m] /

-b-+vb2-4ac
. 5 2 ¢ x? 2 ¢ x?
iabBcd 1- 1-
-b-+vb?-4ac -b+vVb2-4ac

EllipticF[i ArcSinh[+/2 |-

)

X
-b-+vb?-4ac -b+vb2-4ac

C
V2o - Ja+bxZ+cext |+

c —b—\/m] /

-b-+b2-4ac
2 2 2 2
i/2 aActd® [1- €X 1- °x
-b-+vb?-4ac -b+Vb%2-4ac

EllipticF[iArcSinh[V2 |-

)

X
-b-+vb%-4ac -b+vb2-4ac

c
- Ja+rbx2iox?t | -

c —b—\/m] /

-b-+b?-4ac
2cx? 2 c x?
iv/2 aAbcde |1- 1-
-b-+/b?-4ac -b+/b2-4ac

EllipticF[iArcSinh[V/2 |-

)

X
-b-+/b?-4ac -b++/b2-4ac

c
- Ja+rbx2rox?t |+

c ] —b—\/m]/

-b-+b2-4ac
2 c x? 2 cx?
2i+/2 a?Bcde [1- 1-
-b-+/b?-4ac -b+vb2-4ac

EllipticF[iArcSinh[V2 |-

c ] b\/m]/

E

X
-b-+/b2-4ac -b++/b2-4ac

c
- Ja+bxticxt | -
-b-+b?>-4ac
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- 5 2cx? 2cx?
1a°bBe 1- 1-
-b-+/b%*-4ac -b++vb*-4ac

2

EllipticF[i ArcSinh[+/2 |- X
-b-+/b?2-4ac -b++/b?-4ac

c | bm]]/

+

{\/?\/ ¢ \Ja+bx?+cx?
-b

-vb%-4ac

2 cx? 2cx?
iv2 a?Ace? [1- 1-
-b-+b?-4ac -b+vVb2-4ac

~b-/b2-4
EllipticF[i Arcsinh[v/2 |- : x|, i ]/
-b-+/b%2-4ac -b++/b%2-4ac

- ¢ Ja+rbx?+cx*
“b-

Vvb2-4ac

Problem 26: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+Bx2) (d+ex?)

(a+bx2+cx4)3/2

Optimal (type 4, 481 leaves, 4 steps):
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(x (aB(bd—Zae)—A(bzd—Zacd—abe>—(Ac(bd—Zae)—aB(ch—be))x2>)/

(a (b274ac) Ja+rbx?+cx?

(Ac (bd—Zae)—aB(ch—be))xx/a+bx2+cx4

- +

ave (b2—4ac) (\/?+\/?x2)

(Ac(bd—Zae)—aB(ch—be))(\/;Jr\/?xz) ~a+bx?icxt
<\/?+\/?X2)2

cl/4

+

EllipticE[2ArcTan|

2- \/?b\/?]] /[ag’/‘lcf’/4 (b>*-4ac)/a+bx*+cx

1
a4 7 g

(\/?B—A\/?) (\/?d—\/?e) (\/a_+\/?x2) _a+bx?rext
e e

cl/4

EllipticF[2ArcTan|

Zﬁb\/?]] /[Za'i”4 (bfzﬁﬁ) 4 \Ja+bx?P+cx?

1
al/4 ]’ Z

Result (type 4, 597 leaves):

1 C
4c —_— X
2
4ac(-b2+4ac) [—<— Va+bx?+cx b+Vvb*-4ac
b+/b?-4ac

(aB(—Zae+2cdx2+b(d—ex2>)+A<—b2d+b(ae—cdx2)+2ac (d+ex2))>+

i (—b+x/b2—4ac) (Ac (bd-2ae)+aB(-2cd+be))

\/b+\/b24ac +2cx? \/2b2\/b24ac +4cx?

b+Vb2-4ac b-VbZ-d4ac
b+\b2-4
E1lipticE[i ArcSinh[+/2° N — E] B
b+Vb?-dac b-Vbr-dac

i (Ac (7b2d+4acd+bxlb274ac d-2a+/b?>-4ac e) +
aB [b (—b+«/b2—4ac e+cC (—2x/b2—4ac d+dae

|

b+ b2 4
EllipticF[jAr‘cSinh[\E\/ ‘ u 2

b+Vb2-4ac +2cx?
b+vb2-4ac

\/2b2\/b24ac +4cx?

X,
b-+/b2-4ac b+vVb2-4ac b-+vVb%2-4ac
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Problem 27: Result unnecessarily involves imaginary or complex numbers.

A +Bx2
J dx
(a+bx2+cx“)3/2

Optimal (type 4, 398 leaves, 4 steps):
X (Ab2-abB-2aAc+ (Ab-2aB) cx?)

a(b?-4ac)va+bx?+cx?

(Ab-2aB) Ve xVarbxZicxt
a (b2—4ac) (\/?+V?x2)

(Ab-2aB) c'/4 (\/a_-%—\/?Xz)

a+bx?+cxt L cl/4 x
T — E111pt1cE[2Ar‘cTan[

1
(\/?+\Ex2>2 al/4 ]’ 4

2 -

el

+

[33/4 (b*-4ac)/a+bx*+cx*

Va B-Avc| (Va +ve X (;bxj/jxll)z
a +Vc x?

cl/4 x

EllipticF[2ArcTan|

2-7\/;)\/?]] /[2a3/4 (b-2+a Ve ' faibx?ioxt

1
al/a ' g

Result (type 4, 497 leaves):
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1
4a<b2—4ac) —<——— Ja+bx?+cxt
b+v/b%-4ac

4\/C x(aB<b+2cx2)—A(bZ—Zac+bcx2)>+
b+

Vvb2-4ac

b b* -4 2cx? 2b-2+/b2-4 4cx2
i (Ab-228) [-bs bz4ac]J +/b2-4ac +2cx J VbT dac s4cx

b+b2-4ac b-vb2-4ac
c b b2-4ac
E1lipticE [i ArcSinh[+/2 x] M/i} -
b+vb2-4ac b-vVb>-4ac

i [—Zan/b2—4ac +A[—b2+4ac+bx/b274ac ])
\/b+\/b24ac +2cx? \/2b2\/b24ac +4cx?

b+Vb2-4ac b-+b2-4ac
c b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, = ]
b+vb2-4ac b-+vb2-4ac

Problem 28: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A + B X2 dx
(d+ex?) (a+bx2+cx4)3/2

Optimal (type 4, 867 leaves, 9 steps):



Mathematica 11.3 Integration Test Results for 1.2.2.7 P(x) (d+e x~2)~q (a+b x"2+c x~4)"p.nb | 57

—((x (abc (Bd-Ae) - (b2-2ac) (Acd-Abe-aBe)
c(aB(2cd-be)-A(bcd-ble-2ace]] x|/
(a (b*-4ac) (cd®-bde+ae?) Jarbxdicox®
Ve (aB(2cd-be) -A(bcd-b’e+2ace))xVarbx?+cxt
a(b?-4ac) (cd?-bde+ae?) (Va +Vc X _

e¥2 (Bd-Ae) ArcTan| [cd?-bdesae? x ]
\/?\/?\ a+b x?+c x*

2+/d (cdszde+ae2)3/2

+

cl/4 (aB(ch—be)—A(bcd—b2e+23ce)) (\/?+\Ex2)

FSIF
N
|
<
o
%
\

a+bx?+cxt L 4 x
———————— EllipticE[2ArcTan| B

(\/?+\/?x2)2 al/t
[a3/4 (b2—4ac) (cdz—bde+ae2) m

(\/?B—A\/?) 1/ (x/a_+\/?x2) a+bx?+cx?
(\/?+\/?X2)2

cl/4

1 b
31/4]’24\/?\/?]/

EllipticF[2ArcTan|

+

(2a3/4 (b—Z\/?\/?) (\/?d—\/?e) rJa+bx?+cx?

a3/4e[\/c_d+e Z(Bdee> (\/;M/?Xz) _a+bx?rcxt
Va (Va e %)’
EllipticPi|- (\/?d—\ge) B 2Ar‘cTan[C1/4X}, 1 2 - b J} /
4+/a \/c de at/4 4 Va Ve

(4c1/4d (cd*-ae®) (cd*-bde+ae?)\/a+bx*+cx*

Result (type 4, 3361 leaves):
(—Abzcdx+abBcdx+2aAc2dx+Ab3ex—aszex—3aAbcex+

2a2Bcex—Achdx3+2ch2dx3+Ab2cex3—abBcex3—2aAc2ex3)/
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1

(a(—b2+4ac) (cdz—bde+ae2) rJa+bx?+cx?
a (7b2+4ac) (cdszde+ae2)
2 2
- iAbC(—b+\/b2—4aC)d 1- 2cx 1- 2cx

-b-+b2-4ac -b+vb%-4ac
c -b-+/b%-4ac
EllipticE[j Ar‘cSinh[\E - x], } -
-b-+/b%*-4ac -b+vb%-4ac
c -b-+vb?-4ac
EllipticF[j Ar‘cSinh[\/? - X\, } /
-b-+vb?-4ac -b+vb2-4ac

C
242 |- Ja+bxZrcex? ||+

-b-+/b%?-4ac
2 2 2 2
jch[—b+xlb2—4ac]d 1- €x 1- €x
-b-+/b%-4ac -b++/b2-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |- x|, |-
-b-+vb2-4ac -b+vb2-4ac
c -b-+b%?-4ac
EllipticF[iArcSinh[V2 |- x|, ] //
-b-+vb%-4ac -b+vb%-4ac

c
V2 o - Ja+bx?+coxt |+

-b-+/b*-4ac
o 5 2 cx? 2 ¢ x?
1Ab (—b+ b -4ac|e [1- 1-
-b-+vb2-4ac -b+vVb2-4ac
C -b-+vb?-4ac
EllipticE[jAr‘cSinh[\E - X1, }—
-b-+/b%?-4ac -b+vVb%-4ac
c -b-+b2-4ac
EllipticF[i ArcSinh[+/2 |- x|, ] /
-b-+b%-4ac -b+vb%-4ac

c
22 |- a+rbx?iex? | -
-b-+vb2-4ac

jabs[-b+db2-4ac

2 ¢ X2 1 2 ¢ x2

-b-+vb?-4ac -b+vb2-4ac

e |1
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c -b-+vb%-4ac
EllipticE[i ArcSinh[+/2 |- x|, |-
-b-+vb2-4ac -b+vb2-4ac
-b-+/b2-4a
E1lipticF[i ArcSinh[2 |- . x|, < /
-b-+/b%2-4ac -b++b%2-4ac

C
242 |- Ja+rbxZ+iex? | -

-b-+/b%*-4ac

2cx? 2cx?
JiaAc[—b+x/b2—4ac e [1- 1-
-b-+vb2-4ac -b+vb2-4ac
C -b-+vb?-4ac
EllipticE[i ArcSinh[v/2 ] |-

—_ X,
-b-+/b%?-4ac -b+vVb2-4ac

)

X
-b-+vb2-4ac -b+vVb%-4ac

c
V2 |- Ja+rbx?+rex? | -

c ] —b—\/m] /

EllipticF[i ArcSinh[+/2 |-

-b-+b2-4ac
. 2cx? 2cx?
i1abBcd [1- 1-
-b-+vb%-4ac -b++vb2-4ac

EllipticF[iArcSinh[V2 |-

)

X
-b-+b?-4ac -b+vb%-4ac

c
V2 o - Ja+bx?+coxt |+

c —b—\/m] /

-b-+b2-4ac
2 2 2 2
i+2 aActd [1- X 1- €x
-b-+vb?-4ac -b+/b2-4ac

EllipticF[iArcSinh[V/2 |-

B

X
-b-+/b?-4ac -b+vb%-4ac

c
- Ja+rbx2ieox?t | -

-b-+b2-4ac

c —b—\/m] /

_ 2cx? 2 ¢ x?
iaAbce [1- 1-

-b-+/b?-4ac -b++/b2-4ac




60 | Mathematica 11.3 Integration Test Results for 1.2.2.7 P(x) (d+e x~2)~q (a+b x"2+c x~4)"p.nb

C 7b7m] /

3

X
-b-+/b?2-4ac -b++/b%-4ac

c
V2 o - Ja+bx?+eoxt |+

EllipticF[i ArcSinh[+/2 |-

-b-+/b%-4ac
2cx? 2 cx?
i+2 a’Bce [1- 1-
-b-+vb2-4ac -b+vb2-4ac

2

X
-b-+b2-4ac -b+vb%-4ac

C
- Ja+bxZ+rcext |+

C —b—\/m] /

EllipticF[iArcSinh[V2 |-

-b-+/b2-4ac
o, 2 cx? 2cx? L.
iab?Be |1- 1- EllipticPi|
-b-+b?>-4ac -b++/b?-4ac
[-b-VbT-aac e , c b-b?-4ac
- ,JiAr‘cSmh[\/? - x|, ]/
2cd -b-+b?>-4ac -b++b%-4ac
c
V2 oo - Ja+bxZ+cxt | -
-b-+b?-4ac
2 ¢ x? 2 ¢ x?
212 a’Bce [1- 1-
-b-+b?>-4ac -b++/b?-4ac
(—b—\/b2—4ac)e c
EllipticPi|- , 1 ArcSinh[v/2 |- x|,
2cd -b-+vb%-4ac
-b-+/b?-4ac C 2 2
}/ - \Ja+bxf+cx -
-b++/b2-4ac -b-+/b?-4ac
) ) 2 ¢ x? 2 ¢ x? L
iaAbZe? [1- 1- EllipticPi]|
-b-+b?-4ac -b++vb%-4ac
(7b7\/b274ac)e ) C b-+b*-4ac
- ,iAPCSlnh[ﬁ - x|, ]/
2cd -b-+b2-4ac -b++vb2-4ac

C
V2 - dya+bx?+cx* |+

-b-+/b%*-4ac
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2 c x? 2cx?
2i+/2 a?Ace? |1- 1-
-b-+/b%*-4ac -b++b%*-4ac
<7b7\/b274ac)e c
EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd -b-+vb%-4ac

-b-+vb?-4ac c 2 2

} / - di/a+bx +cx
-b+vVb2-4ac -b-+/b%?-4ac

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+Bx? dx
(d+ex2)2 (a+bx2+cx4)3/2

Optimal (type 4, 1301 leaves, 15 steps):
(x (abc (Ae(2cd-be) -B(cd*-ae?)) +
(b*-2ac) (aBe (2cd-be) +A (c>d*+b’e’-ce (2bd+ae))) -
c (aB(2c*d*+b*e*-2ce (bd+ae)) +A(2b’cde-4ac’de-b’e’-bc (cd*-3ae?)))

<))/ [a (6 43c) (cd" bae-ael)farbntcxt

(\/? (aBd (-4c*d*-3b%e*+4ce (bd+2ae)) +

+

A(2b3de2+2bcd (cd2—3ae2) -4dace (—2cd2+ae2) +b? (—4cd2e+ae3))>
x+/a+bx?+cx? /(Za (-b?+4ac)d(cd®+e (—bd+ae))2 (\/?Jr\/?xz)) _
e3 (Bd—Ae) x+va+bx?+cxt

2d (cdz—bde+ae2)2 (d+ex?)

+

{e”z (Ae (7cd’-e(4bd-ae))-Bd (5cd’-e(2bd+ae)))

Vcd2 -bde+ae? x

Vd Ve Va+bx2+cxt

Ar‘cTan[ /(4d3/2 (cdz—bde+ae2>5/2)—

ct/4 (aBd (4c2d2+3b2 2_4ce (bd+2ae)) -

A(2b3de2+2bcd (cd2—3ae2) -4dace (—2cd2+ae2) +b? (—4cd2e+ae3))>

2 4 1/4
(\EJr\/?xz) Laxbxirext Ellip‘cicE[ZAr‘cTan[c X], E—L] /
(\/?+\/?x2)2 al/ 2 g4+/a c

+

[2a3/4 (b*-4ac)d(cd*+e (—bd+ae>)2\/m
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ct/4 (a\/?e (Bd—ZAe) +Va (Bd—Ae) (cd—be) +A+c d (—cd+be)>

a+bx?+cx? o c4x, 1 b
—_— ElllptlcF[ZAr‘cTan[ , —77] /
a2 a4 e

o e )
(233/4 (bfzﬁﬁ) d (7\Ed+\/;e> (-cd*+e(bd-ae))Ja+bx®+cx*

(Va +Ve x)

e(\/?d+\/?e) (Ae (7cd*-e(4bd-ae))-Bd (5cd’-e(2bd+ae))) (\/?+\/?x2)

(Wd—\ge)z c1/4x]

1
, 2ArcTan| , =
a1/4 4

a+bx?+cx? L.
EllipticPi|-

(\E+\/?x2)2 4-+/a \/c de
(Sal/“cl/“d2 (x/?dfﬁe) (cdzfbde+ae2)2xla+bx2+cx4

Result (type 4, 8031 leaves):

\Ja+rbx?+cox?t

e3 (Bd—Ae) X

)|/

1

+

2d (cdz—bde+ae2)2 (d+ex2) a (—b2+4ac) (cdz—bde+ae2)2 (a+bx2+cx4)

(—Abzc2d2x+abBczd2x+2aAc3d2x+2Ab3cdex—2ab2Bcdex—GaAbczdex+
4a’°Bc’dex-Ab*e?’x+ab3Be?x+4aAb’ce’x-3a’bBce?x-2a%Ac?e?x
Abc3d®’x3+2aBc3d*x}*+2Ab%>c?dex?-2abBc?dex?-4aAcidex’ -Ab3ce?x®+

1

ab’Bce’x’+3aAbc?e’x’-2a’Bc?e’X’) | -
2a (-b2+4ac)d(cd’-bde+ae?)?

2cx?

2 cx?
-||1AbCc? (—b+w/b2—4ac)d3 1- X 1-
-b-+b2-4ac -b+vVb2-4ac

C -b-+vb?-4ac
EllipticE[Ji Ar‘cSinh[\E - x], } -
-b-+/b%?-4ac -b+vb%-4ac

c -b-+vb2-4ac
EllipticF[i ArcSinh[+/2 |- x|, ] /
-b-+vb2-4ac -b+vb2-4ac

c
V2 |- Ja+bx2rext ||+

-b-+b%2-4ac

2 cx? 1 2cx?

i+/2 aBc? (—b+ b2—4ac]d3 1-
-b-+/b%2-4ac -b++vb2-4ac
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c ] -b-+vb?-4ac
x],
-b-+vb2-4ac -b+vVb2-4ac

EllipticE[i ArcSinh[V2 |-

} _

EllipticF[i ArcSinh[~+/2

C —b—\/b2—4ac] /
— X,
-b-+b?>-4ac -b++vb?-4ac

c
- Jarbx?+rex* |+

-b-+/b%?-4ac
_ 5 2 5 2cx? 2cx?
iv2 Ab C(ber\/b 74ache 1- 1-
-b-+/b%*-4ac -b++/b%-4ac
-b-+b%2-4
EllipticE[jAr‘cSinh[\/? - ¢ x], ac }—
-b-+b%2-4ac -b+vb2-4ac
c -b-+/b?2-4ac
EllipticF[iArcSinh[V2 |- x|, ] /
-b-+vb%-4ac -b++vb2-4ac

C
- Ja+rbx?iox?t | -

-b-+b2-4ac
2 ¢ x2 2 ¢ x2
Ji\/TabBc(—b+ b2—4ac]d2e 1- 1-
-b-+vb2-4ac -b+vbZ-4ac
C -b-+vb?>-4ac

EllipticE[j Ar‘cSinh[\E - x] R } -
-b-+/b%?-4ac -b++vb2-4ac

EllipticF[iArcSinh[V2 |-

c x} —b—\/b2—4ac] /
-b-+vb%-4ac -b+vb%-4ac

C
- Ja+rbx?+rex? | -

-b-+b2-4ac
. 5 2 5 2 ¢ x? 2 ¢ x?
2i+/2 aAc (—b+\/b —4ac)de 1- 1-
-b-+/b2-4ac -b++/b2-4ac
c -b-+/b?-4ac

EllipticE[i ArcSinh[v/2

- x| s ] -
-b-+/b%-4ac -b++vb%-4ac

EllipticF[i ArcSinh[+/2 |-

C } —b—\/b2—4ac] /
X)
-b-+/b?-4ac -b++/b2-4ac
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C
- a+rbx?+rex? | -

-b-+b2-4ac

2 ¢ x2 2cx?
jAb3{—b+\/b2—4ac de? |1- €x 1 cx
b-+b?2-4ac “b+Vb2-4ac
c -b-+b?-4ac
EllipticE[i ArcSinh[V2 |- ] ] -

x],
-b-+vb2-4ac -b+vb%-4ac

E

X
-b-+/b?-4ac -b++/b2-4ac

C
V2 - Ja+rbxtiox* |+

-b-+b?>-4ac

c —b—\/m] /

EllipticF[iArcSinh[V2 |-

2 2 2 2
3jasz(—b+x/b2—4ac de? |[1- °X 1- €X
-b-+/b%-4ac -b++/b%-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |- x|, |-
-b-+vb2-4ac -b+vb2-4ac
c -b-+/b?-4ac
EllipticF[iArcSinh[V2 |- x|, ] /
-b-+vb%-4ac -b+vb%-4ac

C
22 - Ja+bxZrcext |+

-b-+/b%*-4ac
, 2 5 2cx? 2cx?
31aAbc(—b+ b -4ac |de 1- 1-
-b-+vb2-4ac -b++vb2-4ac
C -b-+vb%-4ac

EllipticE[j Ar‘cSinh[\E - X/, } -
-b-+/b%?-4ac -b++vb2-4ac

EllipticF[i ArcSinh[+/2 |-

)

X
-b-+vb%-4ac -b+vb%-4ac

c
V2] - Ja+rbx?+rex? | -
-b-+b2-4ac

c —b—\/m] /

2 ¢ x? 2 ¢ x?

de? |1 1-

ij/Tach(—b+x/b2—4ac

-b-+vb?-4ac -b++b2-4ac
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c -b-+vb?-4ac
EllipticE[i ArcSinh[V2 |- x|, |-
-b-+vb2-4ac -b+vVb2-4ac

“b-b2-4
EllipticF[i ArcSinh[v2 |- < x] — /
-b-+vb?2-4ac -b++vb%2-4ac

c
- Jarbx?+rex* | -

-b-+/b%?-4ac

2 cx? 2cx?
jaAb2(7b+x/b274ac e [1- 1-
-b-+/b%*-4ac -b++/b?-4ac
c -b-+vb?-4ac
EllipticE[iArcSinh[V2 |- ] -

XJ
-b-+b%2-4ac -b+vb2-4ac

2

- X
-b-+vb%-4ac -b++vb2-4ac

C
22 - Ja+bxZ+rcext |+

b= 2 _
EllipticF [i ArcSinh[+/2 < = m] /

-b-+b2-4ac
2 ¢ x2 2 ¢ x2
iﬁazAc(—b+ b>-4ac |e® [1- 1-
-b-+vb2-4ac -b+vbZ-4ac
c -b-+/b2-4ac
EllipticE[j Ar‘cSinh[\E - x] R } -
-b-+/b%?-4ac -b++vb2-4ac
c -b-+b?-4ac
EllipticF[j Ar‘cSinh[\/? - x}, ] /
-b-+vb%-4ac -b+vb%-4ac

C
- Ja+rbx?+rex? | -

-b-+b2-4ac
2 cx? 2cx?
i+v2 abBc2d® [1- 1-
-b-+/b?-4ac -b+vb2-4ac
C -b-+b?-4ac
EllipticF[j Ar‘cSinh[\E - x}, ] /
-b-+/b?-4ac -b++/b2-4ac

c
- Ja+rbx2iox?t |+

-b-+b2-4ac
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2 c x? 2cx?
212 aAcdd® [1- 1-
-b-+/b%?-4ac -b+vb2-4ac
C -b-+/b2-4ac
EllipticF[jAr‘cSinh[\/? - x|, ]/
-b-+/b?2-4ac -b++/b?-4ac

c
- Ja+rbx2ieox?t | -

-b-+/b%2-4ac
L 5 2cx? 2cx?
1ab°Bcde |1- 1-
-b-+b%?-4ac -b++vb%2-4ac
c -b-+b%-4ac
EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+/b?2-4ac -b++/b%-4ac

C
V2o - Ja+rbx?+eox* | -

-b-+/b2-4ac
2 cx? 2 c x?
2i+/2 aAbc?d?e [1- 1-
-b-+vb2-4ac -b+vb%-4ac

EllipticF[iArcSinh[V2 |-

bl

X
-b-+vb%-4ac -b+vb%-4ac

C
- Ja+bxZrcext |+

C —b—m] /

-b-+/b2-4ac
2cx? 2 cx?
6i+2 a?Bc2d?e [1- 1-
-b-+vb2-4ac -b+vb2-4ac

EllipticF[iArcSinh[V2 |-

3

X
-b-+vb%-4ac -b++vb2-4ac

C
- Ja+bxZ+cext |+

C —b—\/m] /

-b-+b2-4ac
, 5 5 2cx? 2cx?
31aAb“cde 1- 1-
-b-+vb2-4ac -b+vb2-4ac
c N
EllipticF[i ArcSinh[+/2 |- x|, ] /
-b-+vb%-4ac -b+vVb%-4ac
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C
V2o - Jarbx?2+rex? | -

-b-+/b?-4ac
2cx? 2cx?
i+/2 a’bBcde? [1- €x 1- €x
-b-+/b%?-4ac -b++vb2-4ac
-b-+/b%-4
EllipticF[i Arcsinh[v2 |- < x] 5 ac]/
-b-+/b2-4ac ~b+v/b2-4ac

c
- Ja+rbx2ieox?t | -

-b-+b2-4ac
2 cx? 2 c x?
4i+2 a?Ac?de? [1- 1-
-b-+/b?-4ac -b++/b2-4ac
C -b-+b%2-4ac
EllipticF[jAPcSinh[\E - X\, ]/
-b-+/b?-4ac -b++/b2-4ac

C
- Ja+bx?icox* |+

-b-+b?-4ac
A 5 2cx? 2 c x? .
S5iab“Bcd“e [1- 1- E111pt1cP1[
-b-+b%-4ac -b++vb%-4ac
(—b—\/b2—4ac)e c -b-+b?>-4ac
- ,jAr'cSinh[\/? - X/, ]/
2cd -b-+/b%-4ac -b++vb?-4ac
C
V2| - Ja+rbx2ircxt | -
-b-+b%?-4ac
2 ¢ x? 2 ¢ x?
10i+/2 a’?Bc?d’e [1- 1-
-b-+b%-4ac -b++vb?-4ac

<7bfx/b274ac ) e

c

EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd -b-+vb?-4ac
-b-+/b%2-4ac C 2 2
} / - AJa+bxf+cx -
-b+vVb2-4ac -b-+/b%?-4ac
2 cx? 2cx?
i+v2 ab®Bde? [1- 1-



68 | Mathematica 11.3 Integration Test Results for 1.2.2.7 P(x) (d+e x~2)~q (a+b x"2+c x~4)"p.nb

(—b—\/b2—4ac ) e

C
EllipticPi|- , 1 ArcSinh[v/2 |- x|,
2cd -b-+/b2-4ac
-b-+vb2-4ac c 3 2
}/ - \Ja+bxt+coxt | -
-b+vb2-4ac -b-+b2-4ac
, 5 5 ) 2cx? ) 2cx? .
7iaAb?cde? |1 1 EllipticPi|
-b-+vb?-4ac -b+vb%-4ac
-b-Vb*-4ac|e c -b-+b2-4ac
—( ) , i ArcSinh[v/2 |- x|, ]/
2cd -b-+b?>-4ac -b++b?-4ac
c
N Ja+bx?+coxt |+
-b-+b?>-4ac
2cx? 2 c x?
4i+/2 a®bBcde? |1- 1-
-b-+b%?-4ac -b+vb%-4ac
(—bfx/b2—4ac)e c
EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd -b-+/b2-4ac
-b-+vb2-4ac c
}/ - Jarbx2ioxt |+
-b+vVb2-4ac -b-+vb2-4ac
2 ¢ x2 2 ¢ x2
14i+/2 a?Ac?de? [1- 1-
-b-+vb2-4ac -b+vVb2-4ac
(—b—\/b2—4ac)e c
EllipticPi|- , 1 ArcSinh[v/2 |- x|,
2cd -b-+b%-4ac
-b-+/b%-4ac c
}/ - Ja+bxZrcext |+
-b+vVb2-4ac -b-+b2-4ac
2i+/2 aAb3e?® [1- 2% 1- 2%
-b-+/b%*-4ac -b+vb%*-4ac
<7bfx/b274ac)e c
EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd -b-+vb?-4ac
-b-+vb?-4ac c > 2
}/ - AJa+bxf+cx -

-b+vb2-4ac
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oo 3 2cx? 2cx? L
ia“b“Be 1- 1- E111pt1cP1[
-b-+b%?-4ac -b++/b2-4ac
-b-+vb?-4ac e c -b-+/b2-4ac
—( ) ,JiAr‘cSinh[\/? - x], ]/
2cd -b-+/b2-4ac -b++vb%-4ac
c
V2 o[- Ja+bx?+coxt | -
-b-+/b%2-4ac
2 ¢ x? 2 ¢ x?
8i+2 a?Abce® [1- 1-
-b-+/b%?-4ac -b++b2-4ac
(7b7Vb274ac)e c
EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd -b-+/b2-4ac
-b-+vb%-4ac c 3 7
} / - \Ja+bx‘+cx +
-b+vb%-4ac -b-+/b%-4ac
2cx? 2cx?
2i+/2 a®Bce® [1- 1-
-b-+/b%2-4ac -b+vb%-4ac
(—b—vb2—4ac)e c
EllipticPi|- , i ArcSinh[v/2 |- x|,
2cd -b-+vb%-4ac
-b-+/b%2-4ac c 2 2
}/ - \Ja+bxc+cx -
-b+vVb2-4ac -b-+/b%-4ac
o 4 2 ¢ x? 2cx? L
ia?Ab%e* |1- 1- EllipticPi|
-b-+/b%-4ac -b++/b%2-4ac
(-b-Vb?-2ac e c b-vb'-aac
- ,j_ArcSinh[\ff_ - x|, ] //
2cd -b-+b2-4ac -b++vb2-4ac
c
ﬁ - d/a+bx?+cx* |+
-b-+/b?-4ac
2cx? 2cx?
2i/2 adAce* |[1- 1-
-b-+/b%2-4ac -b++vb?-4ac
(—b—Vb2—4ac)e c
EllipticPi|- , 1 ArcSinh[v/2 |- x|,

2cd -b-+vb%-4ac
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-b-+/b%-4ac c 2 2
} / - da/a+bx“+cx
-b++vb*-4ac -b-+/b%*-4ac

Problem 30: Result unnecessarily involves imaginary or complex numbers.

J( Vaivex

d+ex2) va+bx?+cx?

Optimal (type 4, 273 leaves, 1step):

Ve d-+/a e ArcTan | —Lcd-bdesae® x
( ) [\/?\/?x/a+bxz+cx4 ]
.

2+/d Ve Vcd®-bde+ae?

ibx2+cxt \/?d—\/a_e2
(Ve dvae) (Va « Ve €| 2sbxirext EllipticPi[( ) ,
(\/?Jr\/?xz)z 4+/a \Jc de
1/4
2 ArcTan| X], 1 Z—L]] /[4a1/4c1/4dexla+bx2+cx4
al/4 4 \/?\/?
Result (type 4, 310leaves):
 |b+vb%2-4ac +2cx? 1 2 c x?
-1 +
b+vb?>-4ac b-+b?>-4ac

C } b+\/b2—4ac]
X1, +
b+Vb2-4ac b-+/b2-4ac

[(b+\/m)e

2cd

{ﬁd EllipticF|[i Ar‘cSinh[\E\/

C

R jAr‘cSinh[\/?\/— x],

(7\Ed+ﬁe) EllipticPi
b++vb2-4ac

b+\/m} /
b-vVb2-4ac

V2 ;deda+bx2+cx4
b+vb2-4ac

Problem 31: Result unnecessarily involves imaginary or complex numbers.

J( 1( )

d+ex2) va+bx?+cx*
Optimal (type 4, 271 leaves, 1step):
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A\ - +
€ d-e| ArcTan| —led-bdeact x |
a Vd Ve 1 a+bx?+cxt
N

2+/d Ve VYcd?-bde+ae?

[ Sd-e
a

a+bx2+cx? o
_ E111pt1cP1[—7,

2
1+ | & x2 4 [S de
a a

b c
c\1/4 1 \/ @ c\1/4
2Ar‘cTan[(f) x], = l2-—— ] /[4(*] deJa+bx?+cx*

a 4 C

o |n

a

Result (type 4, 312leaves):

. | b+/b2-4ac +2cx? 1 2cx?
R +
b++Vb%2-4ac b-+vVb%2-4ac

c C b++vb2-4ac
| = dEllipticF[iArcSinh[+/2 x|, . |+
a b+vb?>-4ac b-+vVb2-4ac
c
- [— d+e
L

(b+\/m)e
bwm}]/

EllipticPi|

, i ArcSinh[+v/2 S x|,
b+vb2-4ac

2cd
b-+vb2-4ac VvbZ-4ac

C
\/?\/— de~/a+bx?+cx?
b+

Problem 32: Result unnecessarily involves imaginary or complex numbers.

946 + 315 x?
J dx

7+5x2) V2 +3x2+x4

Optimal (type 4, 106 leaves, 4 steps):

631 (1+x%) | % EllipticF [ArcTan[x], ﬂ 2525 (2 +x2) EllipticPi[%, ArcTan[x], i]

2V 2 2+3x%+x4

142 [ 20 21 3x 4%
+X

Result (type 4, 74 leaves):

| 71
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7;]1\/1+X2 A2+ X2

7V2+3x2 x*
. . X N 1) . X
441 E1lipticF[i ArcSinh[——], 2] + 505 E1lipticPi| —, i ArcSinh|[—], 2]
V2 7 V2

Problem 33: Unable to integrate problem.

dx

J<A+BX2) (d+ex?)?

a+bx?+cx?

Optimal (type 6, 218 leaves, 6 steps):

1 bB-2Ac 214 ex?)
- x(d+ex) 1+
b-vVb*-4ac Vb2-4ac d
1 3 2 cx? e x? 1
AppellF1[=, 1, -q, =, - —————————, - — | + ————————
2 2" b Vb dac. 4 biyb? dac
bB-2Ac 21a x2) 4 1 3 2 c x? e x?
s ————|x (d+ex?)? |1+ AppellF1[=, 1, -q, =, -—————————, - —|
Vb2-4ac d 2 2 b+\/b2-4ac d

Result (type 8, 33 leaves):

J(A+Bx2) (d+ex?)1

a+bx?+cxt

dx

Problem 34: Result unnecessarily involves imaginary or complex numbers.

e (1+2x2)
J dx
V1+x2 (1+X2+X4)

Optimal (type 3, 106 leaves, 11 steps):
—lAr‘cTan \/7 \/1+X +7Ar‘cTan \/7 1+ x?
2

l\/?Log[2+x27\/?«/1+x2 ] 7—\/?Log[2+x2+\/?w/1+x2]
4 4

Result (type 3, 103 leaves):

ArcTan[ﬁ 1+x2} ArcTan[m]
N . NEWN

Jilaes] i)
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Problem 35: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
J\/a+bx2+cx4

ad-cdx?*

dx

Optimal (type 3, 145leaves, 4 steps):

b-2+a V¢ ArcTanh [ b-2va /¢ *] b+2+a V¢ Ar‘cTanh[@”Z ——
N Jarbxioxt

4+/a +/c d 4+/a /c d
Result (type 4, 441 leaves):

,\/b+\/b2—4ac +2cx? \/1 2 ¢ x?
i y—_"
b

b++Vb?-4ac -vVb2-4ac
c b++Vb%2-4ac
2+/a \/c EllipticF[iArcSinh[vV2 |——— x|, — 2225
b++vVb%2-4ac b-+Vb%>-4ac
-b-+b%2-4ac
(b+2+/a V| Ellipticpi| )
2+/a Ve
b++Vb2-4ac

JiAr‘cSinh[\/?\/ < J+(b-2va Ve

X,
b+vb2-4ac b-+vb2-4ac

EllipticPi]

b+vb?-4ac . c b+vb%2-4ac
——————, i ArcSinh[V/2 x|, ] /
2+/a Ve b++vVb2-4ac b-vVb2-4ac

2v2Va e | ————— dJasbxicxd
e
Problem 36: Result unnecessarily involves higher level functions.

a+bx?-cx
J—dlx
ad+cdx?

Optimal (type 3, 239leaves, 1step):
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A/ b/ b*+4ac x b—\/m—Zcx2
\b+vb2+dac Ar‘cTan[ }
242 a /< Jabx?cxt

2v/2 va Ve d

A —b+\/b2+4ac X [b+\/b2+4ac —2cx2]
\/—b+\/b2+4ac ArcTanh [ ]
2~/2 +Ja \/c Jarbx?-cx*
2+/2 +/a +Jc d

Result (type 4, 432 leaves):

1 4 cx? 2 ¢ x?
2+ 1.—==%
a-a /e |- c dvVasbx®_cxt -b++vb?+4ac b++vb?+4ac
b++/ b%+4ac

b+Vb2+4
2i+/a V¢ EllipticF[i Arcsinh[v2 |- : x|, 2 ERAC
b+vb%+dac b-+vb2+dac

1 (b+\/b2+4ac)
2+/a ¢
c b+Vb%2+4ac

iArcSinh[+/2 |- x|, ]7(b+211\/?\/?)
b+vb2+4ac b-+Vb%*+4ac
C b+vb2+4ac

i (b+\/b2+4ac)
[ , i ArcSinh[+/2 |- x|, ]
2+va Ve b+vVb2+4ac b-vVb%2+4ac

(b-2i+a Ve | Ellipticpi[-

EllipticPi
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Summary of Integration Test Results

42 integration problems

A - 6 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 34 unnecessarily complex antiderivatives

D - 2 unable tointegrate problems

E - Ointegration timeouts



